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N∑

i=0

xi = A

∆t =
T

N

0 = t0 < t1 < . . . < tN = T

c(x) =
N∑

i=0

Pixi

Ìèíèìèçàöèÿ çàòðàò íà ñîâåðøåíèå ñäåëêè

Ìèíèìèçàöèÿ ðèñêà ïðè çàäàííîì óðîâíå çàòðàò
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Ôîðìàëüíî çàäà÷ó ìèíèìèçàöèè çàòðàò íà ñîâåðøåíèå ñäåëêè

ìîæíî çàïèñàòü:

E [c(x)] → min, x ∈ S (1)

S =





(x0, x1, . . . , xN) : 0 = t0 < t1 < . . . < tN = T ; xi > 0 ∀i ;

N∑

i=0

xi = A




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Ìèíèìèçàöèÿ ðèñêà ïðè çàäàííîì óðîâíå çàòðàò

Çàäà÷à ìèíèìèçàöèè ðèñêà ïðåäñòàâëÿåò ñîáîé ìèíèìèçàöèþ

äèñïåðñèè âåëè÷èíû çàòðàò. Ìíîæåñòâî ñòðàòåãèé èíâåñòîðà

ïðèìåò âèä:

S1 =





(x0, x1, . . . , xN) : 0 = t0 < t1 < . . . < tN = T ; xi > 0 ∀i ;

N∑

i=0

xi = A; E [c(x)] 6 C0





C0 � çàäàííûé óðîâåíü çàòðàò.

Òîãäà �îðìàëüíî ïîñòàíîâêà çàäà÷è âûãëÿäèò ñëåäóþùèì

îáðàçîì:

Var [c(x)] → min, x ∈ S1 (2)
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Ìîäåëü Áåðñèìà-Ëî

Äèíàìèêà öåíû:

Pi = Pi−1 + αxi + ui , i = 1, . . . ,N

ui � áåëûé øóì

Eui = 0, Varui = σ2
;

α > 0 � êîý��èöèåíò âëèÿíèÿ ïîêóïêè íà öåíó

P0 = P−1 + αx0

P−1 � ñòîèìîñòü àêòèâà, ñëîæèâøàÿñÿ íà ðûíêå äî íà÷àëà

ñîâåðøåíèÿ ñäåëîê, ðàññìàòðèâàåìûì èíâåñòîðîì.
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Çàäà÷à ìîæåò áûòü çàïèñàíà ñëåäóþùèì îáðàçîì:

f (x) =

N∑

i=0




i∑

j=0

xj


 xi → min, x ∈ S

S ={(x0, x1, . . . , xN) : 0 = t0 < t1 < . . . < tN = T ; xi > 0 ∀i ;

N∑

i=0

xi = A}

Èç ðàáîòû Bertsimas D., Lo À. W. Optimal 
ontrol of exe
ution


osts èçâåñòíî, ÷òî îïòèìàëüíîé ñòðàòåãèåé ÿâëÿåòñÿ:

x0 = x1 = . . . xN =
A

N + 1

Ò.å. Çàòðàòû ìèíèìàëüíû ïðè ðàâíîìåðíûõ çàêóïêàõ.
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Ââåäåì íîâûå îáîçíà÷åíèÿ:

N∑
i=j

xj = Xj � ñêîëüêî îñòàëîñü êóïèòü â ìîìåíò âðåìåíè j

Ñ�îðìóëèðóåì çàäà÷ó (2) â íîâûõ îáîçíà÷åíèÿõ è äëÿ äàííîé

ìîäåëè:

σ2
N∑

i=1

X 2
i → min,X ∈ S1

S1 =





(X0,X1, . . . ,XN) : 0 = t0 < t1 < . . . < tN = T ;

E

[
N∑

i=0

Pixi

]
= AP−1 + α

N∑

i=0

Xi(Xi − Xi+1) 6 C0

A = X0 > X1 > . . . > XN > XN+1 = 0




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Öåëåâàÿ �óíêöèÿ ÿâëÿåòñÿ êâàäðàòè÷íîé, êàê è

îãðàíè÷åíèå;

Äëÿ ðåøåíèÿ èñïîëüçóåòñÿ îáîáùåííûé ìåòîä ìíîæåòåëåé

Ëàãðàíæà;

Ôóíêöèÿ Ëàãðàíæà äëÿ ïîñòàâëåííîé çàäà÷è:

L(X̃ , λ0, λ1) = λ0σ
2

N∑

i=1

X 2
i +λ1

(
AP−1 + α

N∑

i=0

Xi(Xi − Xi+1)− C0

)

X̃ = (X0,X1, . . . ,XN), λ0, λ1 îäíîâðåìåííî íå ðàâíû íóëþ.
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�åçóëüòàò

1-ûé ñëó÷àé

Xt = A−
A

N + 1
t, λ0 = 0, λ1 > 0;

Ñîîòâåòñòâóåò ñëó÷àþ:

C0 = minE [c(x)] .
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�åçóëüòàò

2-îé ñëó÷àé

Xt = A

(
−ξ

2(N+1)
2 ξ−t

2 + ξt2

1− ξ
2(N+1)
2

)
, λ0 = 1, λ > 0;

ω =
σ2

λα
+ 1, ω > 1

ξ2 = ω −
√

ω2 − 1, 0 < ξ2 < 1.

Åñëè ∃x
′

ò.÷. AP−1 + α
N∑
i=0

Xi(Xi − Xi+1)− C0 < 0
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3-èé ñëó÷àé

X0 = A,Xi = 0, i = 1, . . . ,N + 1 , λ0 = 1, λ = 0

Êîãäà îãðàíè÷åíèå íà âåëè÷èíó çàòðàò íå ÿâëÿåòñÿ

ñóùåñòâåííûì.
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×èñëåííûé ïðèìåð

A = 10000;
P−1 = 2;
α = 0.001;
C0 = 90000;
N = 9;
σ = 1
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Äèíàìèêà öåíû îïèñûâàåòñÿ óðàâíåíèÿìè:

Pi = Pi−1 + αxi + βyi + ui , i = 1, . . . ,N, α > 0

yi = ρyi−1 + zi , ρ ∈ (−1, 1)

yi � èí�îðìàöèîííàÿ ïåðåìåííàÿ;

β � ìåðà ÷óâñòâèòåëüíîñòè âëèÿíèÿ äàííîé èí�îðìàöèè íà

èçìåíåíèå áóäóùåé öåíû;

ui , zi � íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå

âåëè÷èíû.

E [ui ] = 0, Var [ui ] = σ2
u ;

E [zi ] = 0, Var [ui ] = σ2
z ;
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Ôîðìóëà (1) äëÿ äàííîé çàäà÷è ìîæåò áûòü çàïèñàíà

ñëåäóþùèì îáðàçîì:

α

N∑

t=0

Xt(Xt − Xt+1) + βy0

N∑

t=0

Xtρ
t → min, x ∈ S

S =

{
(X0,X1, . . . ,XN) : 0 = t0 < t1 < . . . < tN = T ;

A = X0 > X1 > . . . > XN > XN+1 = 0

}

Ìàêàðîâà À.È. Âûïóñêíàÿ êâàëè�èêàöèîííàÿ ðàáîòà



Ïîñòàíîâêà çàäà÷è

Ìîäåëè âëèÿíèÿ íà öåíó

�åçóëüòàòû ðàáîòû

Ñïèñîê ëèòåðàòóðû

�åøåíèå çàäà÷è

Ìèíèìèçèðóåìàÿ �óíêöèÿ è îãðàíè÷åíèå ÿâëÿþòñÿ

âûïóêëûìè;

Äëÿ ðåøåíèÿ èñïîëüçóåòñÿ îáîáùåííûé ìåòîä ìíîæåòåëåé

Ëàãðàíæà;

�åçóëüòàò:

xt =
A

N + 1
−

βy0ρ

α (1− ρ)2

(
1− ρN+1

N + 1

)
+

βy0ρ
t+1

α (1− ρ)

Ìàêàðîâà À.È. Âûïóñêíàÿ êâàëè�èêàöèîííàÿ ðàáîòà



Ïîñòàíîâêà çàäà÷è

Ìîäåëè âëèÿíèÿ íà öåíó

�åçóëüòàòû ðàáîòû

Ñïèñîê ëèòåðàòóðû

×èñëåííûé ïðèìåð

A = 10000;
N = 9;
y0 = 3;
α = 0.01;
β = 5
ρ = 0.4;
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Ïîñòàâèì çàäà÷ó (2) äëÿ äàííîé ìîäåëè:

σ2
u

N∑

t=1

X 2
t + σ2

zβ
2

N∑

t=1




N∑

j=t

Xjρ
j−t




2

→ min, x ∈ S1

S1 =





(X0,X1, . . . ,XN) : 0 = t0 < t1 < . . . < tN = T ;

E [c(X )] = AP−1 + α

N∑

t=0

Xt(Xt − Xt+1) + βy0

N∑

t=0

Xtρ
t
6 C0;

A = X0 > X1 > . . . > XN > XN+1 = 0




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∂L

∂Xi

= 2σ2
uXi + 2σ2

zβ
2

i∑

t=1




N∑

j=t

Xjρ
j−t


 ρi−t+

αλ (−Xi−1 + 2Xi − Xi+1) + λβy0ρ
i = 0

Ïîëó÷åííàÿ ñèñòåìà ñîñòîèò èç n óðàâíåíèé è n íåèçâåñòíûõ.

Ìíîæèòåëü λ íàõîäèòñÿ ïîäñòàíîâêîé ïîëó÷åííîãî ðåçóëüòàòà

â óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè:

AP−1 + α

N∑

t=0

Xt(Xt − Xt+1) + βy0

N∑

t=0

Xtρ
t − C0 = 0
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�åçóëüòàòû ðàáîòû

Ïðèìåíåí àëüòåðíàòèâíûé ìåòîä ðåøåíèÿ

(ìîäè�èöèðîâàííûé ìåòîä ìíîæèòåëåé Ëàãðàíæà);

Ïîëó÷åíî ðåøåíèå çàäà÷è ìèíèìèçàöèè ðèñêà ïðè

çàäàííîì óðîâíå çàòðàò â ìîäåëè Áåðñèìà-Ëî;

Ñ�îðìóëèðîâàíà è ðåøåíà çàäà÷à ìèíèìèçàöèè çàòðàò è

ìèíèìèçàöèè ðèñêà ïðè çàäàííîì óðîâíå çàòðàò â ìîäåëè

èçìåíåíèÿ öåíû ñ ó÷åòîì äîïîëíèòåëüíîé èí�îðìàöèè;
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Ïîñòàíîâêà çàäà÷è

Ìîäåëè âëèÿíèÿ íà öåíó

�åçóëüòàòû ðàáîòû

Ñïèñîê ëèòåðàòóðû

Ïðèëîæåíèå

Íåîáõîäèìûå óñëîâèå ìèíèìóìà �óíêöèè

Åñëè x∗ - ðåøåíèå çàäà÷è ïðè íàëîæåííûõ îãðàíè÷åíèÿõ, òî

íàéäåòñÿ âåêòîð ìíîæåòåëåé Ëàãðàíæà (λ0, λ1) òàêîé ÷òî äëÿ

�óíêöèè Ëàãðàíæà âûïîëíÿþòñÿ óñëîâèÿ:

L
′

X̃
= αλ1(−Xi−1 + 2Xi − Xi+1) = 0, i = 1, . . . ,N.

λ1(AP−1 + α
N∑
i=0

Xi(Xi − Xi+1)− C0) = 0

λ0 > 0, λ1 > 0

Åñëè ∃x
′

ò.÷. AP−1 + α
N∑
i=0

Xi(Xi − Xi+1)− C0 < 0 - óñëîâèÿ

ÿâëÿþòñÿ äîñòàòî÷íûìè(óñëîâèå Ñëåéòåðà)
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